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ABSTRACT
The LIGO/Virgo gravitational wave events S190828j and S190828l were detected only 21 minutes
apart, from nearby regions of sky, and with the same source classifications (binary black hole mergers).
It is therefore natural to speculate that the two signals are actually strongly lensed images of the
same merger. However, an estimate of the separation of the (unknown) positions of the two events
requires them to be > 10◦ apart, much wider than the arcsecond-scale separations that usually arise in
extragalactic lensing. The large separation is much more consistent with two independent, unrelated
events that occurred close in time by chance. We quantify the overlap between simulated pairs of
lensed events, and use frequentist hypothesis testing to reject S190828j/l as a lensed pair at 99.8%
confidence.
1. INTRODUCTION
On 2019 August 28 UT, the Advanced Laser Interfer-
ometer GW Observatory (LIGO; LIGO Scientific Col-
laboration et al. 2015) and the Virgo Gravitational-
Wave Observatory (Virgo; Acernese et al. 2015) de-
tected two gravitational wave (GW) signals, S190828j
and S190828l, that were separated in time by roughly 21
minutes (LIGO Scientific Collaboration and Virgo Col-
laboration 2019a,b). Both signals were consistent with
coming from binary black hole (BBH) mergers, and were
both highly significant detections with false alarm rates
of 1 per 3.7 × 1013 years and 1 per 6.8 × 102 years, re-
spectively. Rapid localization using BAYESTAR (Singer
& Price 2016) revealed that the events had similarly-
shaped localization probability contours, and that they
appeared to originate from nearby regions of sky. To-
gether, these observations are suggestive of a possible
strong lensing origin.
Recent articles have proposed that detections of
strongly lensed GWs should be relatively common
(Broadhurst et al. 2018, 2019), while others have
predicted that they should be relatively rare (Dai
et al. 2017; Ng et al. 2018; Oguri 2018; Smith et al.
2018). Definitively establishing a strong-lensing origin
for S190828j/l would be an important advance toward
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the resolution of this question. By simulating BAYESTAR
sky maps of lensed pairs of BBH mergers and com-
paring them to the contents of the publicly available
LIGO/Virgo alerts and localizations of S190828j/l, we
show in this Letter that the two events are not the result
of strong lensing, but rather are unrelated BBH mergers
that occurred close in time and relatively close in space.
2. STRONG LENSING
In the strong-lensing interpretation of S190828j/l, the
two events correspond to two lensed images of the same
BBH merger. The images form due to the curvature
of space-time by an unknown intervening mass along
the line of sight. The deflector may be a galaxy (e.g.,
Bolton et al. 2006), a galaxy cluster (e.g., Broadhurst
et al. 2005), a dwarf galaxy (e.g., Quimby et al. 2014),
an extragalactic star (Chang & Refsdal 1979), an ex-
tragalactic field of stars (Schneider & Weiss 1987), or
even a cosmic string (Hogan & Narayan 1984). The im-
age multiplicity is set by the mass distribution of the
lens and its orientation with respect to the GW source,
and in principle can be much larger than two. “Dou-
ble” or “quad” images are the most common products
of galaxy-scale lensing (Treu 2010), while rich clusters
routinely produce more than four images of background
sources (e.g., Umetsu et al. 2016). In the strong-lensing
scenario, remaining images of S190828j/l, if they exist,
were either too faint to trigger alerts, arrived when the
interferometers were not in observing mode, or may still
be yet to arrive.
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In the strong-lensing scenario, the lensed images
S190828j and S190828l travel along different geometric
paths and through geometric potentials to reach us, ex-
plaining their 21 minute difference in arrival times. This
time-delay effect is a key feature of strong lensing (Refs-
dal 1964). Observed time delays in strong lensing sys-
tems have ranged from minutes to hours at the low end
(e.g., SN iPTF16geu; Goobar et al. 2017; More et al.
2017; Mo¨rtsell et al. 2019), to decades at the high end
(e.g., SN Refsdal; Kelly et al. 2015). A strong-lensing
hypothesis thus seems, at broad brush, to offer a conve-
nient explanation for the spatial and temporal proximity
of S190828j and S190828l. However, as we will show in
this Letter, the spatial separation between S190828j and
S190828l (>10◦) turns out to be too large and the time
delay (21 minutes) too small for lensing to work.
2.1. Effect of Lensing on LIGO Observables
Before presenting our analysis of the LIGO data,
we first review the effects of gravitational lensing on
GW strain signals and present some useful scaling re-
lations. In an expanding universe, the leading-order
post-Newtonian approximation to the GW strain from
a compact binary merger is (cf. Schutz 1986; Holz &
Hughes 2005; Nissanke et al. 2010)
h(f) = Θ
(1 + z)M
DL
(pi(1 + z)Mf)2/3e−iΨ(f). (1)
Here, the factor Θ encapsulates all of the dependence
on the orientation and sky position of the binary, z
is the redshift of the binary, f is the GW frequency,
DL is the luminosity distance, Ψ(f) is the leading-
order phase as a function of frequency, and M is the
chirp mass defined in terms of the component masses as
M = (m1m2)3/5(m1 +m2)−1/5.
One can recast this in terms of the redshifted chirp
mass Mz = (1+z)M (and similarly the redshifted com-
ponent masses m1,z = (1 + z)m1 and m2,z = (1 + z)m2)
as
h(f) = Θ
Mz
DL
(piMzf)2/3e−iΨ(f). (2)
The redshifted masses are also referred to as the observer
frame masses, in contrast to the physical source frame
masses. Strong lensing does not alter the redshifted,
observer-frame masses. The apparent luminosity dis-
tance, however, is modified by the lensing magnification
µ according to
D′L =
DL√|µ| . (3)
2.2. Angular and Temporal Scales for Lensing
The angular scale of separation between a pair of
lensed images is given by the Einstein angle θE, which
in the case of a point lens takes the form
θE =
(
4GM
c2
Dls
DlDs
)1/2
, (4)
where M is the mass of the lens, Dl is the angular di-
ameter distance to the lens, Ds is the angular diameter
distance to the source, and Dls is the angular diame-
ter distance between the lens and the source (Schnei-
der et al. 1992). In addition to bound structures, cos-
mic strings, hypothesized one-dimensional topological
defects in spacetime, may also produce lensing, but the
image separation has a different dependence on distance
than in Equation 4 (Pogosian et al. 2003; Morganson
et al. 2010). The Einstein angle θE of a cosmic string is
given by
θE =
8piGµ
c2
sin i
Dls
Ds
, (5)
where µ is the string “tension” and i is the angle that
the cosmic string forms with the line of sight. There
are observational limits on cosmic string tension Gµ/c2
from optical surveys (Morganson et al. 2010), the cos-
mic microwave background (Planck Collaboration et al.
2014), and even GWs (Abbott et al. 2018).
Dimensionally, Equation 4 can be expressed as
θE =
(
M
1011.09M
)1/2(
DlDs/Dls
Gpc
)−1/2
arcsec. (6)
Similarly, setting sin i = 1 in Equation 5 for the greatest
possible magnification, we obtain
θE = 5.2
(
Gµ/c2
10−6
)(
Dls
Ds
)
arcsec. (7)
Plugging numbers into Equations 6 and 7 gives the
spatial scale for lensing in various mass and distance
regimes, which we have plotted in Figure 1, assuming
a Planck Collaboration et al. (2016) cosmology. By
comparing the angular separation S190828j/l sky maps
to the scales for lensing in Figure 1 across 15 decades
in mass, we will show in the next section that the
lensing separations associated with even the most mas-
sive bound structures in the universe are many orders
of magnitude smaller than those required to explain
S190828j/l.
Finally, in most plausible astrophysical lensing scenar-
ios, such as galaxy-galaxy lensing, galaxy-cluster lens-
ing, and extragalactic stellar microlensing, time delays
increase as image separations increase. This can be un-
derstood as a consequence of geometry: for fixed source
and lens positions, larger image separations (due e.g.,
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to increasing the lens mass) lead to larger differences in
path length, which in turn lead to larger time delays. For
a given lens, the magnitude of the time delay between
two lensed images depends sensitively on the location of
the unlensed source relative to the lens. For microlens-
ing by stars, typical time delays are a few microseconds
(Moore & Hewitt 1996); for galaxy-galaxy lensing, time
delays typically range from a few hours to a few months
(Oguri & Marshall 2010; Goldstein & Nugent 2017); and
for cluster lensing, time delays can be as high as several
decades (e.g., Kelly et al. 2015). As Figure 1 shows, the
& 10◦ separation of S190828j/l requires a lens with a
mass roughly 106 times that of the largest known bound
structures in the Universe. As larger image separations
in general correlate with larger time delays, achieving
a 21 minute time delay with such a large lens would
require exceptional source-lens alignment, assuming a
spherically symmetric mass distribution. The short time
delay and large separation of S190828j/l futher strain
the lensing interpretation.
3. ANALYSIS OF THE PUBLIC LIGO/VIRGO
DATA
To test the strong lensing hypothesis described in the
previous section, we downloaded the initial BAYESTAR
localizations (Singer & Price 2016; LIGO Scientific Col-
laboration and Virgo Collaboration 2019a,b) of S190828j
and S190828l and plotted them in Figure 2. We also in-
spected the refined LALInference localizations (Veitch
et al. 2015; LIGO Scientific Collaboration and Virgo
Collaboration 2019c,d).
Each of the localizations is bimodal, consisting essen-
tially of an annulus determined by the time delay on
arrival at Hanford and Livingston, carved into two op-
posing segments by the sensitivity nulls in the Hanford
and Livingston antenna patterns. The 90%-credible re-
gions of the two localizations do not overlap.
Nonetheless, if we assume that they are lensed images
with negligible separation compared to the LIGO/Virgo
localization uncertainty, then we can form a joint local-
ization region by multiplying and then normalizing the
two sky maps. Denoting the two localizations as p(nˆ)
and q(nˆ), the joint localization is
r(nˆ) =
p(nˆ)q(nˆ)∫
p(nˆ′)q(nˆ′) dΩ′
. (8)
Operationally, since the sky maps are stored discretely
as normalized arrays of equal-area HEALPix1 pixels,
1 https://healpix.sourceforge.io
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Figure 1. Einstein angle θE as a function of lens redshift
zl of a variety of strong lensing systems: extragalactic stars
or star fields (“Stars”), dwarf galaxies, elliptical galaxies,
and superclusters, the most massive bound structures in the
universe. The posterior probability distribution of the sepa-
ration of S190828j and S190828l is shown on the right (also
in the top panel of Figure 3), and the 95% lower limit on the
separation is shown as the horizontal blue line near the top.
this is evaluated as
ri =
piqi∑
j pjqj
, (9)
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S190828j
S190828l
product
Figure 2. The BAYESTAR 90% credible localization regions
of the two mergers and their joint product. The two parallel
gray lines are lines of constant time delay between Hanford
and Livingston and are separated by 13◦. The 90% credible
areas of S190828j and S190828l are 587 and 948 deg2 respec-
tively, and the 90% credible region of their joint product is
94 deg2. For LALInference, the events’ 90% credible areas
are 228 and 359 deg2 respectively, with a joint 90% credible
area of 11 deg2.
where the sum is over pixels. This joint localization is
shown as the black contour in Figure 2. The denomi-
nator of this expression can be interpreted as a Bayes
factor comparing the lensed and unlensed hypotheses
(Haris et al. 2018; Hannuksela et al. 2019), and is equal
to
BLU =
∫
p(nˆ′)q(nˆ′) dΩ′ =
∑
i
piqi = 3.9× 10−9, (10)
disfavoring lensing at about the 6-σ level. For
LALInference, the Bayes factor of BLU = 5.7 × 10−10
rejects lensing even more strongly.
Alternatively, we can assume that the events are
lensed images but with no prior assumption about the
separation. We can then calculate the joint probability
distribution of the image separation θ and relative mag-
nification |µ1/µ2|. In the geometric optics limit that pro-
duces multiple distinct images, lensing is achromatic and
therefore it does not alter the apparent detector-frame
masses. Its only impacts are to alter the arrival time,
sky location, and apparent luminosity distance of the
signal. Therefore |µ1/µ2| = (DL,2/DL,1)2. Assuming
a uniform prior on sky location, the posterior distribu-
tion of separation and relative magnification is shown in
Figure 3. The relative magnification is consistent with
unity; it is roughly log-normally distributed such that
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Figure 3. Joint posterior probability distribution of the rel-
ative magnification and separation of the images. The sepa-
ration is constrained to be > 1 deg at ≈ 99.99% confidence.
The relative magnification is consistent with unity, with an
uncertainty of about half a decade in either direction.
log10 |µ1/µ2| = 0.10+0.56−0.53.2 For LALInference, the rela-
tive magnification is log10 |µ1/µ2| = 0.21+0.54−0.50.
The separation distribution has two modes containing
comparable probability mass, corresponding to the pos-
sibilities that the two images are on either adjacent or
opposite sections of the triangulation rings. The adja-
cent mode is favored over the opposite mode by a ratio of
1.2 : 1. The first mode is at θ = 22◦+27
◦
−11◦ and the second
is at θ = 161◦+13
◦
−31◦ . There is only a ≈ 0.01% chance that
the separation is smaller than 1◦. For the LALInference
localization, the adjacent mode is favored over the op-
posite mode by a factor of 6.3 : 1. The two modes are at
θ = 19◦+20
◦
−10◦ and θ = 160
◦14◦
−38◦ , respectively, and there
is only a ≈ 0.007% chance that the separation is smaller
than 1◦.
4. ANALYSIS OF SIMULATED LOCALIZATIONS
To evaluate whether S190828j and S190828l are con-
sistent with a strong lensing origin, we carried out a suite
of simulations providing an estimate of the distribution
of sky maps that LIGO/Virgo would have observed if:
2 All quantities in this paper written in the form x+z−y have a median
value of x and a 5% to 95% credible interval of [x− y, x+ z].
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1. H1, L1, and V1 detected two GW events at the ex-
act times of S190828j and S190828l, corresponding
to two lensed images of the same BBH merger.
2. H1, L1, and V1 detected two GW events at the ex-
act times of S190828j and S190828l, corresponding
to independent GW signals produced by two un-
related BBH mergers.
The key difference between Cases 1 and 2 is that in
Case 1, the true sky locations and the signal-to-noise
ratios of the GW signals are tightly correlated due to
lensing, whereas in Case 2, they are independent.
4.1. Detector Sensitivity
The sensitivities of the GW detectors in our simu-
lation were matched to the performance of LIGO and
Virgo around the time of S190828j/l. LIGO/Virgo do
not publish live noise curves. However, the Gravita-
tional Wave Open Science Center’s Gravitational-Wave
Observatory Status page for August 283 gave the bi-
nary neutron star range between the times of S190828j
and S190828l as follows: H1, 113 Mpc; L1, 135 Mpc; V1,
47 Mpc. To approximate the sensitivity of the LIGO
and Virgo detectors around the time of the two events,
we took the aLIGOMidHighSensitivityP1200087 and
AdVMidHighSensitivityP1200087 noise curves from
LALSimulation and applied constant scale factors to
them in order to match the aforementioned binary neu-
tron star range.
4.2. Source Distribution
We obtained the distribution of source parameters by
simulating a uniform-in-comoving-volume population of
binary black hole mergers with source frame component
masses distributed uniformly in log mass in [5, 50]M
and aligned component spins uniformly distributed in
[−0.99, 0.99]. This matches the “uniform in log” distri-
bution used to estimate BBH merger rates in Abbott
et al. (2019). It does not matter that the source popu-
lation assumes a particular mass function and no lens-
ing, because it is simply a construct to generate a set
of binaries with observer frame masses that are broadly
consistent with what LIGO/Virgo has observed. Source
locations are isotropic but confined to the intersection
of the 99.9999999997% credible regions of S190828j and
S190828l (with an area of 6800 deg2) to be broadly con-
sistent with the observed positions of the two events.
Signals were injected into Gaussian noise and recov-
3 https://www.gw-openscience.org/detector status/day/
20190828/
ered using matched filtering. Only events that regis-
tered an SNR > 4 in at least 2 detectors and a net-
work SNR > 12 were kept. For every surviving event,
we ran sky localization with BAYESTAR. (We did not run
LALInference because it would have been computation-
ally prohibitive.)
4.3. Strongly Lensed Events Simulation
The lensed population is constructed as follows. We
draw 105 independent samples from the source parame-
ter distribution. Each sample is injected into a stretch
of Gaussian noise at a fixed time t0. Then the sample
is moved to a new random sky location that is drawn
uniformly from a cone with a radius of 30′′ centered
on the old sky location, consistent with the largest ob-
served lensing separations from Figure 1. The new ap-
parent luminosity distance is drawn from a log-normal
distribution with a width of 0.25 dex centered on the old
distance, consistent with the 0.5 dex scatter in relative
magnification inferred in Figure 3. It is then injected
again into another independent stretch of Gaussian noise
at a fixed time t0 + 21 min. Pairs of events that pass
the detection thresholds at both sidereal times are kept.
The lensed population consists of Nlensed = 696 pairs of
events.
4.4. Independent Events Simulation
The independent events population is constructed in
a similar manner. We draw 105 independent samples
form the source parameter distribution and inject them
at a time t0, and keep the ones that pass the detection
thresholds. Then we draw another 105 independent sam-
ples and inject them at a time t0 + 21 min. Events from
the first and second group of 105 that pass the detec-
tion thresholds are matched pairwise. The independent
events population consists of Nindependent = 989 pairs of
events.
4.5. Frequentist Hypothesis Testing
We employ two closely related test statistics to quan-
tify the overlap between each pair of events. The first
is the Bhattacharyya coefficient (Bhattacharyya 1943),
F (p, q) =
∑
i
√
piqi, which in the application to GW lo-
calizations has also been referred to as the fidelity (Vi-
tale et al. 2017). The second is the Bayes factor defined
in Section 3, defined as G(p, q) =
∑
i piqi.
We tabulated both test statistics for each pair of sim-
ulated events. Figure 4 shows the empirical distribution
function of the test statistics F (p, q) and G(p, q) over
the simulated events. The value of the test statistics for
the S190828j/l pair is shown as a vertical gray line. The
corresponding P -values for the lensed and independent
events hypotheses are shown as horizontal gray lines.
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The P -values for both test statistics under the inde-
pendent events hypothesis happen to be the same to two
significant digits, about Pindependent = 0.85, very much
consistent with S19082j/l being independent events.
None of our lensed simulations had values of the test
statistics that were as extreme as S190828j/l. Therefore
we can only provide an upper bound on the P-value for
the lensed hypothesis of Plensed < 1/Nlensed = 0.0013,
inconsistent with the lensed hypothesis. Performing a
larger number of simulations would only strengthen the
rejection of the lensed hypothesis.
5. INTERPRETATION
It may have been tempting to interpret S190828j and
S190828l as strongly lensed images of the same event
due to their similar times, similarly shaped localizations,
and similar directions on the sky. We offer the following
responses to those points.
1. The time coincidence, while striking, is not highly
significant by itself. —From April through September,
LIGO/Virgo released 21 BBH merger alerts, at an av-
erage rate of about R = 0.75 week−1. Let us assume
that the rate of BBH detections is time-independent. In
reality the detection rate does fluctuate with the sensi-
tivity and uptime of the detector network, but account-
ing for the time variation will not have a significant
impact on this line of reasoning. The Poisson proba-
bility of k = 2 or more detections occurring by coin-
cidence during the same period of T = 21 min is low,
P (k ≥ 2) = 1 − e−RT (1 + RT ) = 1.2 × 10−6. However,
the rate of pairs of events separated by time T is roughly
2P (k ≥ 2)/T ≈ .061 year−1, or one in 16 years. (The
rate of double hits was verified by Monte Carlo simula-
tion). After several years of operation, it requires only
a little bit of luck for Advanced LIGO/Virgo to observe
two events separated by 21 minutes.
2. The localizations look qualitatively similar because the
events occurred at similar sidereal times. —The qualitative
features of GW localizations are strongly determined by
the positions and orientations of the detectors, which ro-
tate with the earth. This is especially true of the present
GW detector network, which consists of the two LIGO
detectors with nearly aligned antenna patterns, and the
much less sensitive Virgo detector. The vast majority
of localizations fit the description of a long, thin arc, al-
most a great circle, arising from the time delay on arrival
between Hanford and Livingston, with two polar oppo-
site sections above the antenna pattern maxima favored,
and two polar opposite sections that are above the an-
tenna pattern minima strongly disfavored (Singer et al.
2014). One can see this pattern in Advanced LIGO and
Virgo’s first and second observing run at a glance in Fig-
ure 3 of Abbott et al. (2019) or Figure 8 of Abbott et al.
(2019), and even more clearly in Figure 2.5 of Singer
(2015) by plotting the localizations of many events in
Earth-fixed coordinates. S190828j and S190828l defi-
nitely fit the mold. Their localizations look so similar
in celestial coordinates because they occurred at similar
sidereal times. Their localizations would be likely to
look this similar whether or not they were lensed images
of the same event.
3. The localizations of the two events rule out astrophys-
ically realistic separations. —Neither localization is very
precise, but they are sufficient to constrain the separa-
tion of the two unknown sky positions to be ∼ 10◦ and
rule out sub-arcsecond to sub-arcminute scale separation
that would be expected from an astrophysical strong
lensing systems. The localizations are entirely inconsis-
tent with each other, and have no significant overlap.
In simulations of lensed pairs of events with the same
separation in time, we find that there is less than one
chance in a thousand of obtaining two localizations that
are as inconsistent as S190828j and S190828l, due only
to measurement uncertainty. On the other hand, the
separation is quite ordinary if we interpret the signals
as two unrelated mergers.
6. CONCLUSION
Neither the intrinsic (mass and spin) parameters of
these two events, nor the strain data surrounding them,
are publicly available yet. When the waveform param-
eters or the strain data become available, one can per-
form additional tests by comparing their waveforms as
has been done for previous events by Hannuksela et al.
(2019). When the full strain data for all of the present
observing run becomes available, one can perform a sub-
threshold, mass-constrained search for additional signals
with the same waveforms (Li et al. 2019).
It has been argued that a large fraction of LIGO/Virgo
BBH signals that have been detected to date may be
strongly lensed images of much more distance mergers.
Although our results are neutral in that debate, they
do show that S190828j and S190828l were probably not
lensed images of the same merger.
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